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I. INTRODUCTION
Among many problems of nonlinear wave propagation, the steady state one has a special interest. It derives from the comparatively simple equations modeling such a state. This was discussed in detail by Censor [l] , [2] , who developed a theory of a steady state for periodic plane electromagnetic waves and gave some examples of its application. But in the foundation of this theory some questions remain unsolved and undiscussed. One of them is the question of such a state's existence. Indeed, it is not apparent that it can exist physically in arbitrary nonlinear media and for arbitrary waves (we mean here such wave parameters as fundamental frequency and total energy). This problem has two aspects:
the existence of such a state as a phenomenon and the possibility of attaining it from an initial state as a result of an evolution.
A difference between them is essential. From the mathematical point of view the first one means that our model equations have a physically sensible steady state solution. The existence in the second (dynamic) sense means that our model equations have a solution that turns into a steady one (e.g. asymptotically). From the physical point of view the dynamic aspect of the problem implies the question, how can a steady state be realized? One trivial way is to set nand for a steady state in the form [ 13, [2] an (3) where en is the n-th harmonic polarization unit vector, En its amplitude and for the harmonics wave vectors kn we stipulate kn=nk which expresses the phase matching condition in a steady state [l] , [2] . It is necessary to emphasize that (2) and (3) is assumed cOrrect beginning from p=l and higher terms are neglected. Insertion of (6) and (2) or (3) 
(7)
where the new scalar parameters iue introduced M denotes "modified", p= 12, Clm is the angle between k and em, the E-function on the right hand side is the Fouriertransform of the corresponding &-function in (6). These parameters stipulate the process of the m-th harmonic production by the nl-th, ..., n,-th ones.
Analyzing (8) one can see that by introducing the effective parameten (denoted by a bar) these equations may be reduced to the form 2 (1)
which looks much simpler since it contains a single harmonic only. The bar parameters E in (9) depend on ratios of harmonics and therefore may be treated as constants if E,&=const.
(see [l] are [2] ). However the parameters (9) are, indeed, unknown. How can we then work with equations (10) under such circumstances? This question is addressed below.
We consider separately two different hypothetical situations: (1 1) (2) where '*I denotes the complex conjugation, z=sign(eM) , EM = E ~2.11, v=W/k and the notation En=pnei* will be used henceforth for all harmonics. The evident condition (~1 )~ < P = (p1>2 + (~2 )~, where P is the total energy of the wave leads to one of the following requirements
(12-1)
(1 2-2)
Since we deal with weak nonlinearity, which implies moderate amplitudes and energies, the second requirement is irrelevant to our discussion. Introducing the new parameter g=R& 1 we rewrite the first line of (1 1) as
As is easy to see from (13), the hierarchy p2<<p1 is realized, by p > 1 , that results in strong limitation of the total energy This turns out to be the main condition of such a steady state. If (14) is satisfied then the expression for p2 may be reduced in the first approximation p << Pol2 (14) Presuming that the energy is small and in the hierarchy the amplitudes of higher harmonics diminish rapidly, we obtain for N=3
where The first condition Be0 puts sever limitations on the medium's dispersion properties that makes this case hardly realizable for a large harmonics number N.
B. Case (a): dynamic aspects
Recall that equations (7) were obtained in the slow varying amplitude approximation, i.e.
was assumed.
For N=2 we have the following equations for the moduli nd phases of the harmonics amplitudes (2) where B=2qq-cp2 and q=ovp& M.
function 8 we need the proviso Let p2(0)=0. For providing the continuity of the phase l i m a + c =const.
Y+o P2(Y)
Assume now C is rather small and dispersion is so strong that the first term
in the third line of (21) dominates in a vicinity of y=O and stipulate the right hand side of dWqy in (21) which is to become zero in a steady state. Presuming this we use the average value of this derivative and obtain the solution for the 2-nd harmonic in closed form (the second index 0 designates henceforth the value at the initial point y=O)
This is identical to (15) at y, = d~. Similarly, if p2(0)#0 but p2(0)ccp1(0) we obtain and ys = (z+ 2920)/~.
At this point all the y-derivatives of pi, p2, and 8 vanish and thus the solution becomes stationary indeed. The results obtained show that by conditions (17) a steady state turns out to be achievable in a dynamic process. Consider the next step with N=3. Let p2(O)=p3(O)=O. Following the above-stated approach we now obtain for the third harmonic and detailed computation are omitted here because of space consideration. Taking into account the hierarchy assumed, we require that at the space point y=dKI, where the y-derivative of p3 becomes zero, the main terms in the expressions for p i and p2 derivatives, (terms containing or p1p2) would be zero already, i.e. KI<K. Then the solution of (26) at y,=ldq
(27) turns into (16). i.e., into a steady state one.
for the dispersion properties The requirement K I~K constitutes an additional condition Taking into consideration higher harmonic numbers prescribes Kn< ... <K1<K, which leads to Subject to (29) and (18) the transition to steady state exists.
C. Case (b): nondispersive media, static aspects
Introduction of the bar parameters (9) for the case with the two harmonics is justified if p;?/pi=const. As equation (13) shows, this requires y to be very small. Since we deal with rather weak fields only, the smallness of y means a very weak dispersion. This circumstance motivates the investigation of media without or with very weak dispersion. Using the estimation we can implement an efficient algorithm for solving steady state equations in the form (10) for weakly dispersive media: (32) provides the initial evaluation for effective dielectric parameters (9) and makes them thus applicable for calculations. This algorithm is described by the following steps.
1-th step: Parameters (9) are evaluated by means of (3 1).
2-th step: Considering the fundamental harmonic amplitude as a known we find from (10) the phase velocity which has in a steady state the same value for all harmonics 3 4 step: Directly from equations (10) we find the n-th harmonic amplitude for any n 4-th step Determine more accurate evaluation for parameters (9) by means of the amplitudes found.
5th step: Iterate to find more accurate values.
CONCLUSIONS
For cases where dispersion is essential, a steady state becomes achievable for any harmonic by decreasing the incident power, if the necessary constitutive relations are satisfied; however an increase in the number of harmonics involved efficiently in the nonlinear interaction leads to complication of the proper relations so that we cannot expect them to be satisfied for any real medium. This means that this steady state may be considered only for rather small number of harmonics.
For cases where dispersion is rather weak a steady state has to be considered for many harmonics. However in such a case It is possible to suggest an efficient algorithm for solving the steady state problem. These cases are investigated here in the static aspects only. It is well-known [5] that for second harmonic generation, in the absence of dispersion for these two harmonics, steady state cannot be reached. Therefore the investigation of the dynamic aspects should also be carried out. At the moment this is an open question.
Verification of the above proposed algorithm and conclusions requiring an extensive numerical project, is planned for subsequent research.
